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Abstract

In this paper, we revisit the netting theory for the estimation of the rotational stiffness of sidewall of radial tires and
suggest a new sidewall contour for evaluation of the rotational stiffness due to cord tension since the conventional theo-
retical curve does not fit the real curve in the interval near to a bead point. A new sidewall contour is constructed by
combining the conventional curve in the interval near to the tread end and the quadratic curve in the interval near to the
bead point. The new sidewall contour makes it possible to represent the real sidewall contour more accurately than the
conventional one. The netting analysis using the new sidewall contour yields improved stiffness. We have illustrated
the above facts by applying the new sidewall contour to a radial tire of P205/60R15 and have compared its rotational

stiffness with an experimental one.
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1. Introduction

Modern tire structures have evolved through a se-
ries of modifications of the original pneumatic rubber
tire. These modifications were based on field experi-
ences and on mostly experimental studies of tire be-
havior. The use of mathematical analysis to calculate
tire stresses and deformations remained limited in
scope for a long time because of the complexity of
tire structure [1, 2].

It is worthwhile to use a simpler tire model of
“spring bedded ring model”, which consists of the
sidewall and tread including the belt structure. This
simple model has been used effectively since Fiala [3]
gave an explicit formula for cornering characteristics
of a running tire. It has been applied to investigations
on riding comfort [4], vibration [5-10], standing wave
phenomena [11, 12], contact pressure distribution
[13], and rolling resistancel4]. Akasaka et al. [15]
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have given an analytical method for estimating the
sidewall's rotational stiffness of radial tires. They
have proposed a sidewall contour to calculate the
stiffness of the sidewall. Kim et al. [16, 17] have sug-
gested an analytical method based on Akasaka's net-
ting theory with his sidewall contour equation to es-
timate the lateral [16] and the rotational [17] stiffness
of the rubber sheet of a sidewall by using the equiva-
lent elastic constant of the constituent rubber com-
pounds.

In this paper, we have considered Akasaka’s calcu-
lation of the rotational stiffness of the sidewall [15].
According to them, the rotational stiffness of a spring
bedded ring model consists of two parts. One is the
stiffness due to cord tension which is caused by infla-
tion pressure, the other is the stiffness due to the rub-
ber sheet. In spite of their excellent contribution, there
still remains the weakness that their theoretical curve
does not fit the real curve in the interval between the
modified bead point and a certain point that is located
between the modified bead point and the turning point.
The curve is closely related to the rotational stiffness
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due to cord tension. Focusing on the curve itself and
the rotational stiffness based on the curve, this paper
presents a new sidewall contour that is closer to the
real one than the conventional one. Applying the net-
ting theory based on the new sidewall contour to a
radial tire of P205/60R 15, we have compared its rota-
tional stiffness with conventional one and experimen-
tal one.

2. Rotational stiffness of sidewall

The rotational stiffness of the sidewall is defined as

R=— )
174
when the tread is fixed as shown in Fig. 1.

Assuming that the sidewall is a composite toroidal
membrane structure under inflation pressure p and
considering that the sidewall is composed of fiber-
reinforced laminates with rubber compound matrix as
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Fig. 1. Applied torque (7 ) and the rotational angle ( ); the
line ab before deformation becomes a'b after deforma-
tion.

rubber compound i

section width

Fig. 2. Sidewall as a composite membrane structure.

shown in Fig. 2, we can assume that they share in the
applied torque 7 in the manner of

T=T()+T(s) 2)

where T(c) is the torque shared by the carcass cord
and T(s) is the torque shared by the rubber sheet.

If the cord is inextensible, it will deform the con-
tour of sidewall in a manner that the section width is
decreased slightly as shown in Fig. 3. Therefore,
T(c) isexpressed as

T(c) = 2(n)(1)(r, cos ;) ©)

where n is the cord end count and ¢ is cord ten-
sion under inflation pressure p . The factor of 2 is
multiplied since there are two sidewalls.

Let N denote the shear force per thickness of
sidewall on the cross-section at », then 7(s) is
expressed by

T(s) = 2Q27rN)(r) C))
From Egs. (1) and (2),
_ T(c)+T(s)

18
= R(c)+ R(s) )

R

where R(c)=T(c)/w and R(s)=T(s)/y .

rubber compound

SCCU'(.JII w-idlh
(@) (b)

Fig. 3. Deformation of sidewall after torque loading (a) de-
formation of cord and rubber compound and (b) the contour
of sidewall before and after torque loading where the dotted
line denotes the contour before deformation and the solid line
denotes the contour after deformation.
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We will calculate R(c) by using the netting the-
ory and R(s) by employing in-plane shear deforma-
tion theory.

3. Formulation of theoretical sidewall contour

The deformation of a tire, which is subjected to an
axisymmetric tangential force uniformly distributed
along the periphery of the tread, shows shear-
dominant axisymmetric deformation in the flexible
sidewall. To evaluate the rotational stiffness of the
sidewall by using netting theory, it is necessary to
describe the cross-section of the sidewall under infla-
tion pressure. Fig. 4 shows a schematic depicting a
tire cross-section, where B, C, D denote the
bead, the turning point and the tread end, respectively,
and ¢, and ¢, signify the meridian angle and
cord angle of the tread end, respectively. Akasaka et
al. [15] have considered only the cross-section of the
flexible sidewall part of a radial tire by introducing a
modified bead point of B since the bead center, B
is located apart from the theoretical curve as shown in
Fig. 4. Their netting analysis could be rationalized
because the region around the bead center has finite
rigidity. They assumed the interval between the two
points B° and B to be rigid while the main part of
the sidewall to be a flexible membrane structure. In
this paper, we introduce an additional assumption that
the modified bead point is somewhere between the
outer cord line and inner cord line. This is because the
tension due to inflation pressure would be supported
by the two cords in the region where two cords are
present.

A
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outer cord \

B

¥ realistic curve \
tae . - cord . carcass
mner cor " cord
conventional
curve
Vs
1
”‘C
.

center line

Fig. 4. Comparison between carcass cord (dotted curve),
realistic curve and the conventional sidewall contour.

In order to devise a substitute sidewall contour, we
divide the interval r, <r <, into two domains, that
is, the
e <r<r,.

interval r, <r<r, and the interval
We employ the conventional sidewall contour in

the interval », <r <r, as follows:

z(r) = rb—dA r+z
- IR _ 42 b

Ny

o e
= = (s v —o]
+z,

(6)
where

A= —r(ﬂz)sin%%,

r-p

_ 22
B=ry~-r",

0 =1,co8a,,

and z, isthe z-coordinateat r=r,.
Let us introduce the following notations for the
sake of convenience.

G=B -4 (7
and
D=("-p)G 3

In the interval r, <r <r,, we employ a quadratic
curve as a new sidewall contour . The quadratic curve
passing through the point E, whose coordinates are
(r,, z),I1s given by

Z=a(r—r) +b(r—r,)+z, )
where
zp =2(ry)

(10)

dr+z,

o A

and the coefficients ¢ and b are determined by
using the C, - and C, -continuity conditions
at r =1, as follows:
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A
h=-——"E 11
(G,)" v
and
2
a= _l%(aﬁ) (12)
2(Gp) "\ or J,
where
A=A =077 —rP)sing, ElC (13)
- Tg _,02

()
or), or

=sing,esina,

r=rg

2 2 2 2 2 2 2 2
XZVE (r;” =1y cos” ) +(1,)" cos™ (1. — 1)
3/2

22 2
(ry” =1y cos” )

(14)
and

G, =G

=B’ —(4,) (15)

r=rg

Additionally, we introduce a parameter &€ to
make the quadratic curve pass through the point B
as follows:

Z(r)y=éa(r — 1) +b(r—1,) + z, (16)
where
gz(zB—ZE)+b(rEz—rB) (17
a(ry —r;)
which is obtained from the following condition.
zy = €a(ry —1.) +b(r, — 1)+ 2, (18)
Hence, the new sidewall contour is defined as
J'DiA dr+z for r.<r<r
2(r) =
ea(r—r,) +b(r—r,)+z, for r<r<n
(19)

4. Netting theory for rotational stiffness due to
cord tension

Consider a differential cord on a deformable com-
posite toroidal membrane structure under inflation
pressure p .

Fig. 5. The cord on a surface, where ds and dL are dif-
ferential lengths before and after angular deformation dy ,
respectively; du is a circumferential displacement; o is a
cord angle; and ¢ is the cord tension due to inflation pres-
sure

The differential lengths and angles in Fig. 5 are
given by

dz\
ds=,1+|— | dr (20)
dr
B
Bz—Azai’ Jor r.<r<r,

21
dr dsY"
cos¢—£ [Ej
le;Az Jor n<r<r,
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B ——dr, for r,<r<p
,—Az 1—2 p E D
= \/4€2a2(r—r5)2+4€ab(r—rE)+b2+l
zr 2dr for r,<r<r,
r=p
(23)
and
dw:ﬂz cota - ds

r r

dr  for r,<r<r,

B o
B — 42 /rz_pz

= \/46‘ (r—ry) +4sab(r—r5)+bz+l (24)
Xip dr Jor 1, <r<r
” ,}"2 _pZ
Then, the cord length is expressed as
L=L+L, (25)
where
) B r
L= ————dr
! L [pr _ 42 lrz_pz
o (1 =77 )r
_plelr)r dr (26)

. D

L= \/4{;‘ r rE

*+deab(r—r,)+ b +1

X—= = dr
r=p
@7
and the rotational angle is expressed as
Y=y ty, (28)
where
D B 0
v, = dr
1 L \/BZ—AZ V\/V2—,02
" ” 2 _ 7 2
= (' =r)o C)pdr (29)
' V\/B
\/48 r rE +48ab(r rE)+b2+1
PO
X ———dr
” ’VZ _pZ
(30)
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Since the cord tension # is given by [1]

2 f—
t=pr—2 3D
n-sing, -sina,,
the torque T'(c¢) in Eq. (3) is written as
27 r(r,? =1t
T(e)y=—F _"( i) cotr, (32)

Since the non-linear relationship between rotational
angle y and the torque T(c) becomes apparent as
w increases, the linear rotational stiffness R(c) due
to cord tension can be defined by dT(c)/dy at
v =0.Then

T (c dT (¢ dT (¢
ar( ) 1.+ a; ) 59, + 805 ) ez,
T b T 33)
W s+ 2V 55,4+ 2V 50,
or. 39, da,
where
Oz, oL _ oL 0z,
94, da, 94, da,
oo,
oL 0z 0z, oL
5 OL 0Zy 0y
“| |9 0a, o oa, “
T 0L 05, L o9
5, or. 9g, 09, oa,

The partial derivatives involved in Egs. (33) and
(34) are given in the Appendix.

Eq. (34) is obtained from the fixed condition at B,
0z, =0 and the cord inextensibility, JL =0, that is,

K o
oz, = Lr s+ Frsy + P sy —0
=0 O g, M T o, 0%
(35)
oL L
or=2Ls. + L 5 =0
or, +a¢ o+ 3a, O

Solving the nonlinear Eq. (35) with the given initial
data such as r., ¢,,and «, =7x/2, we can deter-

dT(c))

mine R(c) :[ dy
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5. Rotational stiffness due to shear
deformation of rubber sheets

Applying the in-plane shear deformation theory to
the sidewall, which is a composite toroidal membrane
structure, Akasaka et al. [15] derived the following
rotational stiffness of rubber sheets:

R(s) = o) _ ! (36)
4 j' " % dr
" 47r’cosp-G,, - h

where cos¢ is given by Eq. (22).
Since G,,, cos¢ and h .in Eq. (36) are implicit
functions of r, it is impossible to integrate Eq. (36)
analytically. To employ numerical integration for Eq.
(36), consider a certain cross-section of sidewall
shown in Fig. 6. Dividing the cross-section of side-
wall, by using lines normal to the carcass cord line,
into M parts as shown in Fig. 6, we measured the
volume fractions of each rubber compound in the i-th
part (1)), the radial coordinates of intersections
between carcass cord line and the normal lines to the
cord line (r, and #,,,), and the thickness ( 7, ) of the
k-th part in the normal direction to carcass cord at
r=(n+r.)/2.

Using the volume fractions of rubber compounds,
the equivalent shear modulus of the 4-th part can be
expressed as follows [17]:

(Gﬂi )k - 74 %0 (k) (k) (37
apex + sidewall + innerliner - _carcass
Gu ex Gsidewa[[ Gi»mer'lim’r carcass
1pe

where G, ; denotes shear modulus of the material in

sidewall (V%) .G, ) o
N apex (Vspie. Gapex)
: /

> _ _,f | carcass W Conress)

T cord
)
v® G,

cord * - cord )

innerliner
() 1

T nnerlmer G:ma J':k-r)

-

T

!

*

e Vier

Fig. 6. Rubber compound laminates in the k-th part of the
sidewall.

brackets.
Assuming the rubber compound is an isotropic ma-
terial, we have

E
G.,= ) (33)
2(1+v,)

where E, ; denotes Young' modulus of the material
in the brackets and v, denotes Poisson's ratio of
rubber compounds, which is assumed as 0.49.

Using the trapezoidal rule, Eq. (36) can be written
as

1
R(s) = — (39)
Z . k+17 k _
i 47 (7, ) cos@, ~(Gm])k -h,
where
=il (40)
(r2 -, 2)2 —sz(F"z _"CZ)ZSinz gy -sin* o,
D C sz _pZ
VD2 —VCZ
cos@, = Jor 1, < <r,
1
J4E (7, -1, +4eab(r, 1)+ +1
Jor 1, <¥ <r,
41

and £, is the thickness of the k-th part in the normal
direction to carcass cord at r =7 . The division of
the cross-section of sidewall into parts is shown in Fig.
7.

calculation domain

sidewall

bead-tog §
. bl i \— tread
carcass ply—— T 1 =
innerliner

Fig. 7. Structure of sidewall and division of the calculation
domain in the sidewall.
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6. Results and discussion

A radial tire of P205/60R15 is used to exemplify
the present theoretical study. Its dimensions are
ry =222mm r, =283.84mm and

@, =54°.

r, = 256mm

6.1 Sidewall contour fitting

Once the shape of the carcass cord of a tire is given,
the first step for the netting analysis is to find the best
theoretical fit for the sidewall contour. For example,
Fig. 8 shows various conventional fitting curves of
the carcass cord, which depend on the value of . in
Eq. (6), when the values of r, and ¢, are fixed.
From Fig. 8, the best fitting is the curve having
r. =256mm among them but it still deviates from
the region between outer and inner carcass cords.

If we use Eq. (19) for curve fitting, we have more
parameters such as ¥, and Z, to control the theo-
retical curve or to fit the theoretical curve to the car-
cass cord than the conventional curve in Eq. (6),
which makes it possible to fit the carcass cord more
closely. Fig. 9 shows three trial fittings of the carcass

120
c
100} ""‘-'v.\
~ D
"é‘ \r;. = 255nm 1 )
E 80 ¥ = 256G H ]
[ R I g
Ve = 25Tnmm .
H carcass |
g T cord Tl
vy = 222mm [ '5
i

0 200 220 240 260 280 300
r{mm)

Fig. 8. Conventional curves where ¢, =54 and r, =283.4
mm

carcass
v, =222mm cord TP
r, =245mm

- =|25 -
¥ =|256 mm ot

4? “ 4 At .- - -
80 200 220 240 260 280 300
rimm)

Fig. 9 New trial curves where ¢, =54, r,=283.4mm,
zp =86.52mm , z,, =84.19mm ,and z,, =81.85mm .

cord by Eq. (19). Although Fig. 9 shows improved
fittings comparing with the curves in Fig. 8, the fit-
tings in the interval between 7, and 7, are out of
the region between the upper and inner cords. This
deviation is fixed by using 7, =240mm and
¥, =256.5mm , which is shown in Fig. 10.

The following should be noted: C, - and C, -
continuities of the Eq. (19) at » =7, are guaranteed
when &=1.0, while only C, -continuity holds
unless &£=1.0. But the present netting theory for
rotational stiffness does not require C, -continuity of
the curve and thus the discontinuity of 0°z/dr* at
r=r, is immaterial especially within the extent of
linear theory.

6.2 Calculation of rotational stiffness

Young's modulus of each rubber sheet is obtained
from the tensile tests of specimens, which are sam-
pled from a real tire [16]. All the necessary geometri-
cal data including volume fractions can be obtained

120

100} /

8ot

z{mm)

i carcass | :
L e cord “h
60 r, =[222mm

r, =|240mmn

1. = 256.6nmm

4?30 200 220 240 260 280 . 300
r(mm)

Fig. 10 New optimal curves where ¢, =54, r, =283.4mm ,
z, =86.52mm , z,, =84.19mm ,and z,, =81.85mm .

60
55 -
.'Q :

2 w0 e
(= - Q- e 1
= E CxpFL I'mm{/' - ;’:;‘( ouler curve
TE M - <
rs A miel curve
£ & -
5 ; a0 : urve
z conventional curve
o .
o b

30

1] 50 100 150 200 250 300
Inflation pressure (kPa)

Fig. 11. Rotational stiffness based on the conventional curve
with 7. =256mm shown in Fig. 8 and the three new optimal
curves as shown in Fig. 10 (where the outer curve with
z, =86.52mm , the mid curve with z,, =84.19mm , and the
inner curve with z,, =81.85mm ).
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Table 1. The slope of R or R(c) [kNm/kPa-rad].

Conven-| The curves in Fig. 11 .
tional - Experi-
curve Inner | Mid | Outer | ment

curve | curve | curve
Slope of
R or R(c) 0.099 | 0.099 | 0.102 | 0.104 | 0.116
[kNm / kPa - rad

directly from the tire geometry. Then, we can calcu-
late the equivalent shear modulus of the sidewall in
each part by using Eq. (37) and the rotational stiffness
R(s) by using Eq. (39).

For a sidewall divided into 10 parts, we plot the to-
tal rotational stiffness R = R(c)+ R(s) versus infla-
tion pressure p in Fig. 11 together with experimen-
tal data [17]. Fig. 11 shows that the netting analysis
based on new sidewall curves gives closer results to
experimental values than the conventional prediction.
And the outer fitting curve gives the best result. Espe-
cially, we have to pay attention to the fact that the
slope of R(c) of the rotational stiffness increases as
the theoretical curve is laid more closely to the outer
carcass cord as shown in Table 1. The value of the
stiffness R(s) due to the rubber sheet also increases
as the fitting curve approaches the outer cord. The
small variation of R(s) at p=0 comes from the
different sidewall contours employed. In the calcula-
tion of R(s), each of the three sidewall contours is
used as a reference curve for dividing the sidewall
into sub-intervals and the sub-intervals are used for
calculating the volume fractions of rubber compounds
in each sub-interval.

Even though the new sidewall curve improves the
result, there is some gap between the theoretical stiff-
ness and the experimental stiffness. This may imply
that the value of R(s) is estimated smaller than the
real value, that is, the equivalent shear modulus is
devaluated because it is difficult to separate the rub-
ber sheet specimens from real tire without any flaws
[16].

7. Conclusions

This paper has considered the calculation of the
sidewall's rotational stiffness of a radial tire, which is
consisted of cord stiffness and rubber compound
stiffness. Especially focusing on the calculation of the
stiffness due to cord tension, we have introduced a
new sidewall contour to represent the real contour
more closely and easily than the conventional one.
The new sidewall contour is different from the con-

ventional one in that its curve is composite one, i.e.,
the new sidewall contour is constructed by combining
the conventional curve in the interval near to the tread
end and the quadratic curve in the interval near to the
modified bead point. Since its equation contains more
controllable parameters than the conventional one, it
is easier to fit the real sidewall contour than the con-
ventional curve. Controlling the parameters contained
in the new sidewall contour equation, we can find an
adequate curve which is laid between the outer cord
and the inner cord easily. The new sidewall contours
give improved rotational stiffness of the sidewall
compared with the stiffness of the conventional con-
tour, and the value of the stiffness approaches the
experimental value as the theoretical curve ap-
proaches the outer carcass cord. But there is still some
difference between the present prediction and ex-
perimental values of rotational stiffness, which may
arise from the devaluated shear modulus of each part
due to the flaws in the specimens.
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Appendix
(1) Partial derivatives of T(c) and y :

oT(c) __ 47r'prDrC cotaz,
or, sing),
OT(c) _  27pry(ry" —1.*)cotar, cosg,
od, sin’ ¢,
aT(c) _ 3 27Z'prD(rD2 - rCZ)
da, sing, -sin’ &,
al D Zper
a e D]/Z
7, 7
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S 8 O o B S e )
i D
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3 14 c c
+
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J- (rz - rcz)j/zsin @, - cos@, - sin’ aDdr
a¢[) D’
e {Ma(r—rh.)z +2éb(r—rﬁ)}%+{2m(r—;;;)+b}%d
"W =g {4&2112(}’—;”5)2 +4€ab(r—rE) +bz+1}12
1) cos” ¢y, - smaD

-5’ r smaD
,[ D" [ U/z

2 2 2
+ J'b n —Tc )ipr\r
,, D2

2

1
J: 7, sina,, [ rzp_pzj
\/46‘ r 7

+ P
’ r«h‘z —pz

{4.52a(r—r5)2 +2eb(r

) +deab(r—r,)+b* +1dr

—}”E)}% +{2£a(r—rE) +b}%

{4&‘2a2 (r—rh.)z +aeab(r—1,)+5 +1}1/Z
(2) Partial derivatives of
zZ,= sa(rB - rE)2 + b(rB VE) +zge

oz 2 da ob oz
Er R P
C C C C
3z, , da b oz,
= - +(r, — +—£
a9, Ve g, a5, o,
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(3) Partial derivatives of L :
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(4) Partial derivatives of a and b:
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